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Abstract—In this paper, the near-optimal control problem for a
class of nonlinear discrete-time systems with control constraints
is solved by iterative adaptive dynamic programming algorithm.
First, a novel nonquadratic performance functional is introduced
to overcome the control constraints, and then an iterative adaptive
dynamic programming algorithm is developed to solve the optimal
feedback control problem of the original constrained system with
convergence analysis. In the present control scheme, there are three
neural networks used as parametric structures for facilitating the
implementation of the iterative algorithm. Two examples are given
to demonstrate the convergence and feasibility of the proposed op-
timal control scheme.

Index Terms—Adaptive dynamic programming, approximate
dynamic programming, control constraints, convergence analysis,
near-optimal control, neural networks.

. INTRODUCTION

ATURATION, dead zone, backlash, and hysteresis are the

most common actuator nonlinearities in practical control
system applications. Saturation nonlinearity is unavoidable in
most actuators. When an actuator has reached certain input
limit, it is said to be “saturated,” since efforts to further increase
the actuator output would not result in any variation in the
output. Due to the nonanalytic nature of the actuator nonlinear
dynamics and the fact that the exact actuator nonlinear func-
tions are unknown, such systems present a challenge to control
engineers. The control of systems with saturating actuators has
been the focus of many researchers for many years. Several
methods for deriving control laws considering the saturation
phenomena can be found in [10], [33], and [38]. However,
most of these methods do not consider optimal control laws
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for general nonlinear discrete-time systems. In this paper, we
study this problem through the framework of the Hamilton-Ja-
cobi-Bellman (HJB) equation from optimal control theory [6],
[9]. Solving the HJB equation is a challenging problem due
to its inherently nonlinear nature. For nonlinear systems, the
HJB equation generally cannot be solved analytically. If the
system’s inputs are constrained, the derived HJB equation is
more difficult to solve and often becomes unsolvable.

For systems with input constraints, a nonquadratic functional
is proposed in [26]-[28] to confront this kind of constraints.
Using nonquadratic functionals, the HIB equation is formulated
and its solution results in a smooth saturated controller. How-
ever it remains difficult to actually solve for the optimal value
function of this HIB equation.

In recent years, in order to obtain approximate solutions of
the HJB equation, adaptive/approximate dynamic programming
(ADP) algorithms have gained much attention from researchers
(cf., [1-[4], [7] [8], [12]-25], [29], [32], [34]-[37], [39],
[42], [43], and [45]-[47]). ADP was proposed in [11], [40],
[41], and [44] as a way for solving optimal control problems
forward in time. In [42], ADP approaches were classified into
several schemes including heuristic dynamic programming
(HDP), action-dependent heuristic dynamic programming
(ADHDP), also known as Q-learning [40], dual heuristic
dynamic programming (DHP), ADDHP, globalized DHP
(GDHP), and ADGDHP. Moreover, in [3], a greedy iterative
HDP scheme with convergence proof is proposed for solving
the optimal control problem for nonlinear discrete-time systems
with known mathematical model, which does not require an
initially stable policy. In [12], a successive approximation
method using generalized Hamilton-Jacobi—Bellman (GHJB)
equation is proposed to solve the near-optimal control problem
for affine nonlinear discrete-time systems, which requires small
perturbation assumption and an initially stable policy.

Though ADP algorithms have made great progress in the op-
timal control field, to the best of our knowledge, it is still an
open problem how to solve the optimal control problem for dis-
crete-time systems with control constraints based on ADP al-
gorithms. In this paper, we will give a positive answer to the
question on how to find a constrained optimal control if the actu-
ator has saturating characteristic. First, the HIB equation for dis-
crete-time systems with control constraints is derived using non-
quadratic functionals. In order to solve this HIB equation, a new
iterative adaptive dynamic programming algorithm is presented
with convergence proof. Furthermore, in order to facilitate the
implementation of the iterative ADP algorithm, we show how to
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introduce neural networks to obtain the costate function. This in
turn results in a near-optimal state feedback controller suitable
for saturated actuators. Moreover, for the nonlinear plant whose
mathematical model is too difficult to construct, we employ a
model network to approximate the nonlinear dynamics of the
plant.

In brief, the main contributions of this paper are as follows.

1) Propose a novel nonquadratic functional to deal with con-
trol constraints of nonlinear discrete-time systems and de-
rive the corresponding discrete-time HIB equation.

2) Prove that the iterative value function sequence converges
to the optimal value function, i.e., the infimum of all
the value functions obtained by admissible control law
sequences, and show that this optimal value function
satisfies the HIB equation.

3) Implement the iterative adaptive dynamic programming al-
gorithm by introducing the costate function, which avoids
the computation of a derivative term and an integral term
in solving the optimal control law.

4) Utilize two neural networks to approximate the costate
function and the corresponding control law, respectively.
Specifically, use a model network to approximate the non-
linear system dynamics, which renders the iterative adap-
tive dynamic programming algorithm suitable to the plants
whose mathematical models are unknown.

This paper is organized as follows. In Section I, the discrete-
time HIB equationispresented for constrained nonlinear systems.
In Section I1l, the optimal control scheme is developed based
on iterative adaptive dynamic programming algorithm and the
corresponding neural network implementation of the iterative al-
gorithm is presented. In Section IV, two examples are given to
demonstrate the effectiveness of the proposed optimal control
scheme. In Section V, concluding remarks are given.

Il. DISCRETE-TIME HJB EQUATION FOR CONSTRAINED
NONLINEAR SYSTEMS

Consider a class of discrete-time affine nonlinear systems as
follows:

2(k+1) = f(e(k) + g(x(k))u(k) @

where z(k) € R™ is the state vector, and f: R" — " and
g: R — R™X™ are differentiable with respect to their ar-
guments with f(0) = 0. Assume that f + gu is Lipschitz
continuous on a set © in R™ containing the origin, and that
the system (1) is controllable in the sense that there exists
at least a continuous control law on  that asymptotically
stabilizes the system. We denote  Q, = {u(k) | u(k)
= [ul(k)7 u2<k)7 B 7um(k)]T € %m7 |U1(k)| < W
i = 1,...,m}, where @, is the saturating bound for the
ith actuator. Let U € R™>™ be the constant diagonal matrix
given by U = diag[tiy, s, . . . , U]

In this paper, we study the design of an optimal controller for
this class of constrained discrete-time systems, i.e., our objec-
tive is to find an optimal state feedback controller that can make
xz(k) — 0 when k — oo. Specifically, it is desired to find the
optimal control law v(z) so that the control sequence u(-) =
(u(k),u(k +1),...) witheach u(i) € Q,, i = k,k+1,...,
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minimizes the generalized performance functional as follows:

J(w(k), u(-)) = Z {2()"Qu(i) + W(u(i)} (@

where u(i) = v(z(¢)), W(u(z)) € R is positive definite, and
the weight matrix @ is also positive definite.

For optimal control problems, the state feedback control law
v(x) must not only stabilize the system on € but guarantee that
(2) is finite. Such a control law is said to be admissible [8].

Definition 1: A control law v(z) is said to be admissible with
respect to (2) on Q if v(z) is continuous with v(z(k)) € Q,, for
Vz(k) € Q and stabilizes (1) on Q, v(0) = 0, and for Vz(0) €
Q, J(z(0),u(+)) is finite, where u(:) = (u(0),u(1),...) and
u(k) = v(z(k)), k =0,1,...

Based on the above definition, we are ready to explain the ad-
missible control law sequence. A control law sequence {n;} =

quence (u(0),u(1),...,u(co)) stabilizes the system (1) with
any initial state 2(0) and guarantees that .J(z(0), u(+)) is finite.
It should be mentioned that in this case, each control action
obeys a different control law, i.e., u() is produced by control
law n.._; fori = 0,1,.... Moreover, the control law sequence

in the literature [5].

For convenience, in the sequel, V*(z(k)) is used to denote
the optimal value function which is defined as V*(z(k)) =
min, .y J(x(k),u(-)), and v*(z) is used to denote the corre-
sponding optimal control law.

For unconstrained control problem, W (u(z)) in the perfor-
mance functional (2) is commonly chosen as the quadratic form
of the control input (7). However, in this paper, to confront
the bounded control problem, based on [28], we employ a non-
quadratic functional as follows:

i
W (u(i)) =2 /0 o~T(U~"$)U Rds
o H(u(i)) =l  (ui(d), 0 (uz(i), ..., 0 (um(i)]" (3)

where R is positive definite and assumed to be diagonal for sim-
plicity of analysis, s € R™, ¢ € R™, ¢~T denotes (<p—1)T,
and o(-) is a bounded one-to-one function satisfying |¢(-)] < 1
and belongingto C? (p > 1) and Lo(£2). Moreover, it isa mono-
tonic increasing odd function with its first derivative bounded by
a constant M. Such a function is easy to find, and one example
is the hyperbolic tangent function ¢(-) = tanh(-). It should be
noticed that by the definition above, W (u(7)) is assured to be
positive definite because o~!(-) is a monotonic odd function
and R is positive definite.

According to Bellman’s principle of optimality, the optimal
value function V*(x) should satisfy the following HIB equa-
tion:

V*(x(k)) =min
u()

= min
u(k) {

u(i)
{x(i)TQx(i)—l—Q/O <p‘T(U_ls)URds}

(7 Qa(b)+2 | " o0
¢~ (U s)URds

0

—I—V*(az(k—l—l))}. (4)
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The optimal control law v*(z) should satisfy

u(k)
v*(z(k))=arg min{x(k)TQx(k) +2/ o (U 's)URds
u(k) 0

+V* (2(k + 1))}. ®)

The optimal control problem can be solved if the optimal
value function V*(z) can be obtained from (4). However, there
is currently no method for solving this value function of the con-
strained optimal control problem. Therefore, in the next section,
we will discuss how to utilize the iterative adaptive dynamic pro-
gramming algorithm to seek the near-optimal control solution.

I1l. THE NEAR-OPTIMAL CONTROL BASED ON ITERATIVE
ADAPTIVE DYNAMIC PROGRAMMING ALGORITHM

This section consists of three subsections. In the first subsec-
tion, the iterative adaptive dynamic programming algorithm is
derived, while the corresponding convergence proof is presented
in the second subsection, and the implementation of the optimal
control scheme is described in the third subsection.

A. Derivation of the Iterative Adaptive Dynamic
Programming Algorithm

Since direct solution of the HIB equation is computationally
intensive, we develop in this paper an iterative adaptive dynamic
programming algorithm, based on Bellman’s principle of opti-
mality and the greedy iteration principle.

First, we start with initial value function V5(-) = 0 which
is not necessarily the optimal value function. Then, we find the
law of single control vector v (x) as follows:

u(k)

vo(z(k)) =arg g}i}clr)l{x(k)TQa:(k)—l—Q/o @ T(U's)URds

+ Vo(x(k + 1))} (6)

and update the value function as

wiet)
Vi(w(k)) = o(k)T Qu(k)+2 / o7 (U~ 5)U Rds. (7)

0
Therefore, fori = 1,2,. . ., the iterative adaptive dynamic pro-
gramming algorithm then iterates between

u(k)

v;(z(k))=arg g&r)l{l(k)TQx(k)%Q/o o T(U 1s)URds

+ Vi(x(k + 1))} ®)

and

u(k)
ViH(x(k)):min{x(k’)TQ:v(k)—l—Q/ o T(U's)URds

u(k) Jo

+V;($(k+1))}- )

IEEE TRANSACTIONS ON NEURAL NETWORKS, VOL. 20, NO. 9, SEPTEMBER 2009

It can be seen that based on (8), (9) can further be written as
vi(z(k)) _ _
Vir(a(B)=a(B) Qe(t)+2[ (U s)URds
J0
+ Vi(z(k+1)) (10)
where z(k + 1) = f(xz(k)) + g(z(k))vi(x(k)).

In summary, in this iterative algorithm, the value function se-
quence {V;} and control law sequence {v;} are updated by im-
plementing the iteration between (8) and (10) with the iteration
number 4 increasing from 0 to co.

To further explain the iteration process, next we analyze this
iterative algorithm. First, based on (10), we can obtain

Vi(z(k+ 1)) = z(k + DT Qu(k + 1)
vi_1(z(k+1)) B B
+ 2/ @ T(U's)URds
0

+ Vi (2(k +2)) (11)

where z(k 4+ 2) = f(z(k+ 1)) + g(z(k + 1))vi—1(z(k + 1)).
Then, by further expanding (10), we have

i (2(k)) L
Vialo(B) =W Qulk) 42 [ (O )T Rds
J0
+2(k+1)"Qx(k + 1)

vi_l(z(k+1)) B B

+ 2/ @ T(U's)URds
J0
+ 1)

vo (2(k-+i)) L

+ 2/ @ T(U's)URds
J0

+ W (z(k+i+1))
where Vg (z(k+ ¢+ 1)) = 0.
From (12), it can be seen that during the iteration process, the
control actions for different control steps obey different control
laws. After the iteration number i + 1, the obtained control law
sequence is (v;,vi_1,-..,vo). With the iteration number 7 in-
creasing to oo, the obtained control law sequence has the length
of co. For the infinite-horizon problem, both the optimal value
function and the optimal control law are unique. Therefore, it
is desired that the control law sequence will converge when the
iteration number i — oo. In the following, we will prove that
both the value function sequence {V;} and the control law se-
quence {v;} are convergent.

+ -tk +i)TQu(k

(12)

B. Convergence Analysis of the Iterative Adaptive
Dynamic Programming Algorithm

For the unconstrained case, a convergence proof of the value-
iteration-based HDP algorithm is addressed in [4]. In this paper,
in order to prove the convergence characteristics of the itera-
tive ADP algorithm for constrained nonlinear systems, we first
present two lemmas before presenting our theorems. For conve-
nience, the nonquadratic functional 2 f(')”(k) @ T(U~1s)URds
will be written as W (u(k)) in the sequel.

Lemma 1: Let {y;} be an arbitrary sequence of control laws,
and {v;} be the control law sequence as in (8). Let V; be as in
(9) and A; be
Aiyi(a(k)) = (k)T Qu(k) + W (pi(z(k))) + Ai(a(k + %))-)

13
If Vo(-) = Ao(+) = 0, then Vi(z) < A;(x), Vi.
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Proof: It is clear from the fact that V;,; is the result of
minimizing the right-hand side of (9) with respect to the control
input (%), while A;; is a result of arbitrary control input. =

Lemma 2: Let the sequence {V;} be defined as in (9). If the
system is controllable, then there is an upper bound Y such that
0 < Vi(z(k)) <Y, Vi,

Proof: Let {n;(x)} be a sequence of stabilizing and ad-
missible control laws, and let V(-) = Py(-) = 0, where V; is
updated by (9) and P; is updated by

Pig1(z(k)) = 2(k)" Qu(k) + W (ni(x(k))) + Pi(x(k +1)).
From (14), we can further obtain (14)
Pi(x(k+1)) = 2(k + 1)TQu(k + 1)
+W (it (a(k + 1)) + Pr_ (o(k +2)).  (15)
Thus, the following relation can be obtained:
PL+1( (k)
= 2(k)"Qu (k) + W (ni(z(k))) + z(k + 1) Qu(k + 1)
+ W(ni—1(z(k + 1)) + Pica(z(k + 2))
= x(k)TQu(k) + W (ni(x(k))) + x(k + )T Qu(k + 1)
+Wmi-1(z(k+1))) += (k+2)TQx(k—|—2)
+ Wnio(z(k +2)) + Pia(z(k+3))
(k)T Qu(k) + W (n;(w(k))) + w(k + 1)TQu(k + 1)
+Wnici(z(k+ 1)) + 2(k +2)TQz(k + 2)
+ W(ni—2(z(k +2)))

+ x(k +4)" Qu(k + i) + W(no(z(k +4)))

+ Po(z(k+1i+1)) (16)
where Py(z(k +4+ 1)) = 0.
Let U;(z(k)) = z(k)" Qu(k) + W (n;(x(k))), and then (16)

can further be written as

P (a(b)

=) Ui_j(z(k+j))

<.

i

{4+ )T Qulk + 3) + W(mi_(w(k + ))) }

<.
Il
=}

< lim Z{ (k+7)" Qulh+7)+ W (i (a(k+4)) }-

1)

Note that {»;(z)} is an admissible control law sequence, i.e.,
x(k) — 0as k — oo. Therefore, there exists an upper bound Y’
such that

Vii Prya(a(k) < lim > Ui j(a(k +4)) < Y.

(18)
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Combining with Lemma 1, we can obtain

Vi: Vig1(z(k)) < Pip1(z(k)) <Y. (19)
]
Next, Lemmas 1 and 2 will be used in the proof of our main

theorems.

Theorem 1: Define the value function sequence {V;} as in
(10) with V5 (-) = 0, and the control law sequence {v;} asin (8).
Then, we can conclude that {V;} is a nondecreasing sequence
satisfying Vi1 (z(k)) > Vi(z(k)), Vi.

Proof: For convenience of analysis, define a new sequence

{®,} as follows:

®ip1(x(k)) = (k)T Qu(k) + W (vig1(z(k))) + @i (z(k+1))
(20)

with ®q(-) = V(-) = 0. The control law sequence {v;} is
updated by (8) and the value function sequence {V;} is updated
by (10).

In the following, we prove that ®;(xz(k)) < V;11(z(k)) by
mathematical induction.

First, we prove that it holds for 7 = 0. Noticing that

Vi(z(k)) = Po((k)) = z(k)T Qu(k) + W (vo(x(k))) 2(201)
we have fori = 0
Vi(z(k)) > @o(z(k))- (22)

Second, we assume that it holds for ¢ — 1, i.e., for any x(k),
Vi(x(k)) > ®;—1(x(k)). Then, for 4, since

@;(x(k)) = w(k)T Qu(k) + W (vi(x(k))) + @;1 (x(k + (12)3)
and
Viti(z(k)) = 2(k)T Qu(k) + W (vi(2(k))) + Vi(z(k + 1))

(24)
hold, we can obtain

Vigr(z(k)) = @i(z(k)) =

i.e., the following equation holds:

Vi(a(k+1)) = @ (2(k+1)) > 0

(25)

Qi(x(k)) < Viga(x(k)). (26)
Therefore, (26) is proved Vi by mathematical induction.
Furthermore, from Lemma 1, we know that V;(z(k)) <
®,(z(k)). Therefore, we have
Vi(z(k)) < ®i(z(k)) < Viga(z(k)). @7)
[

Next, we are ready to exploit the limit of the value function
sequence {V;} when i — oo.
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Let t M1 be the Ith admissible control law sequence. Sim-
ilar to the proof of Lemma 2, we can construct the associated
sequence Pi(l)(x) as follows:

PY, (x(k)) = (k)T Qu(k) + W (n{" (x(k))) + P (w(k WL(;%;
with P, l)( ) = 0.

Let U“>( (k) = (k)" Qx(k) + W (n{" (z(k))). Then, the

following relation can be obtained'

PY, (a( Z Ul (x(k + 4)) (29)
Let i — oo, then we have
Py _hmZUl) (k + 4)) (30)
Combining (29) and (30), we can obtain
P (@ (k) < PO (a(k)). (31)

Theorem 2: Define Péo)(x(k')) as in (30), and the value
function sequence {V;} as in (10) with Vog-) = 0. For any state
vector z(k), define V*(z(k)) = inf,{ P (z(k))}, which can
be considered as the “optimal” value function starting from
x(k) under all admissible control law sequences with length
oo. Then, we can conclude that V* is the limit of the value
function sequence {V;}.

Proof: According to the definition of Po(f;)(x(k)), the as-
sociated control law sequence {77 ( ) is admissible. Thus, it
is guaranteed that lim; _, o, Z] ~0 U(l) (z(k + 7)) is finite, i.e.,

(l)( (k)) isfinite. Hence,foranyl,thereexistsan upper bound
Y; such that

PO (a(k)) < PO(a(k)) < Vi (32)
Combining with Lemma 1, we can further obtain
Vii: Vipa(e(k) < PO (2(k)) < Vi (33)

Since V*(z(k)) = infl{Péi)(x(k))}, forany e > 0, there ex-
ists a sequence of admissible control laws {an)} such that the
associated value function satisfies P(l‘)( (k) < V*(x(k))+e.
According to (33), we have V;(z(k)) < Pi(l)(x(k)) for any [
and 7. Thus, we can obtain lim;_ .., V;(z(k)) < PéoK)(z(k;)) <
V*(x(k)) + e. Noting that ¢ is chosen arbitrarily, we have

lim Vi(z(k)) < V*(x(k))-

11— 00

(34)

On the other hand, since V;11(z(k)) < Pq(i)1( (k) <
Yi, Vi, i, we have lim; . Vi(z(k)) < inf;{Y;}. According
to the definition of admissible control law sequence, the
control law sequence associated with the value function
lim;_, V;i(x(k)) must be an admissible control law sequence,
i.e., there exists a sequence of admissible control laws {n,EN)}
such that lim; . V;(z(k)) = pY (z(k)). Combining with
the definition V*(xz(k)) = inf,{Pg)(x(k))}, we can obtain

Jim Vi(e(k) > V*(a(h)). (35)

IEEE TRANSACTIONS ON NEURAL NETWORKS, VOL. 20, NO. 9, SEPTEMBER 2009

Therefore, combining (34) and (35), we can conclude that
lim; o, Vi(z(k)) = V*(z(k)), i.e., V* is the limit of the value
function sequence {V;}. [ |

Next, let us consider what will happen when we make i — oo
in (9). The left-hand side is simply V.. (z). But for the right-
hand side, it is not obvious to see since the minimum will be
reached at different « (k) for different . However, the following
result can be proved.

Theorem 3: For any state vector z(k), the “optimal” value
function V*(x) satisfies the HIB equation V*(z(k)) =
inf, o {2 (k)T Qu(k) + W (u(k)) + V*(a(k + 1))},

Proof: Forany u(k) and , according to (9), we have
Vi(z(k)) < a (k)T Qu(k) +

According to Theorems 1 and 2, the value function se-
quence {V;} is a nondecreasing sequence satisfying
lim;_, Vi(z(k)) = V*(x(k)), hence the relation V;_q (z(k +
1)) < V*(xz(k + 1)) holds for any 4. Thus, we can obtain

Vi(z(k)) < z(k)T Qz(k) +
Let 7 — oo, then we have
z(k)" Qu(k) +

Since u(k) in the above equation is chosen arbitrarily, the fol-
lowing equation holds:

V*(xz(k)) < inf {a:(k)TQa:(k)-i-

W (u(k))+ Viei(x(k+1)). (36)

W(u(k)) + V*(x(k +1)). (37)

V*(a(k)) < W (u(k)) + V*(a(k+1)). (38)

W (u(k) + V*(a(k+1))}.

(39)

On the other hand, for any ¢, the value function sequence sat-
isfies

Vi(a(k)) = min {a(k)" Qu(k)+

u(k) W(“(k))+‘/%71(117(k+1))}.

(40)
Combining with V;(z(k)) < V*(x(k)), Vi, we have

V*(o(k)) > inf {a (k)T Qu(k)+W (u(k)+Vioa (a(h+1)) }.

o (41)

Let i — oo, and then we can obtain
V*((k) 2 inf {a:(k)TQa:(k) + W (u(k)) + V* (x(k+ 1))}.
(42)

Combining (39) and (42), we have

V*(z(k)) = inf {z(k)T Qz(k) +

(k) W (u(k)) + V*(z(k +1))}.

(43)

[ |

According to Theorems 1 and 2, we can conclude that
Vi(z(k)) < Vipi(x(k)), Vi and lim;_ Vi(z(k)) =
V*(x(k)). Furthermore, according to Theorem 3, we have
V*(a(k)) = inf ) {z(k)T Qu(k)+W (u(k))+V* (z(k+1))}.
Therefore, we can conclude that the value function sequence
{V;} converges to the optimal value function of the dis-
crete-time HJB equation, i.e., V; — V* asi — oo. Since the
value function sequence is convergent, according to (5) and (8),
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we can conclude that the corresponding control law sequence
{v;} converges to the optimal control law v* as i — oc.

It should be mentioned that the value function V;(z) we con-
structed is a new function that is different from ordinary perfor-
mance functional. Via Lemma 2 and Theorem 1, we have shown
that for any (k) € €, the function sequence {V;(x(k))} is a
nondecreasing sequence, which will increase its value with an
upper bound. This is in contrast to other works in the literature,
e.g., [12], where the value functions are constructed as a non-
increasing sequence with lower bound. Moreover, it should be
noted that we do not require every control law in the sequence
{v;} to be admissible. What we need is a control law sequence
to be admissible, i.e., the resultant sequence of control vectors
to stabilize the system. Similar framework can be found in [4].

C. Implementation of the Iterative Adaptive
Dynamic Programming Algorithm

1) Derivation of the Iterative Dual Heuristic Programming
(DHP) Algorithm: First, we assume that the value function
Vi(z) is smooth. In order to implement the iteration between (8)
and (10), forz = 0,1, .. ., we further assume that the minimum
of the right-hand side of (8) can exactly be solved by letting the
gradient of the right-hand side of (8) with respect to u(k) equal
to zero, i.e.,

9 (x(k)" Qu(k) + W (u(k)))
ou(k)
dx(k+1)\" Vi(z(k+1))
+ < Du(k) ) ey 4

Therefore, fori = 0, 1,. . ., the corresponding control law v; ()
can be obtained by solving the above equation, i.e.,

(k) =Up (= 5OR) g alb) ") e

From (45), we find that the control law v;(z) at each step
of iteration has to be computed by oV;(z(k + 1))/0z(k + 1),
which is not an easy task. Furthermore, at each iteration step of
value function V;,1(z(k)) in (10), there exists an integral term
2 [ (@(k)) ¢ T(U~1s)URds to compute, which is a large
computing burden. Therefore, in the following, we will present
another method called iterative dual heuristic programming
(DHP) algorithm to implement the iterative adaptive dynamic
programming algorithm.

Define the costate function A(z) = 9V (x)/dz, which is sim-
ilar to the framework in [30]. Here, we assume that the value
function V'(z) is smooth so that A(z) exists. Then, the recurrent
iteration between (8) and (10) can be implemented as follows.

First, we start with an initial costate function Ao (-) = 0. Then,
fori =0,1,..., by substituting \;(z) = 9V;(x)/0z into (45),
we can obtain the corresponding control law v;(z) as

wla(k)) = Up( = S(OR) g7 (k) AiCa(k + 1)) (46)
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For Ait1(z(k)) = 0Vip1(x(k))/0z(k), according to (10), we
can obtain

Aiv1(z(k))
_ 0 (=) Qz(k)+ W (vi(x(k)))) N <3vi($(k))>T
oz (k) oz (k)
(97 Qe(h) + W(ui(a(k))
3%‘( (k)
Or(k+1)\" oVi(x(k +1))
+ < :1:( ) Oz(k+1)

) (ax(k + 1))T Vi(z(k +1))
vi(z(k)) dz(k+1)

k) + W(vi(z(k)) . (dvi(x(k)\"
0x<k> +< D (k) )

2B Quth) + Wwita(h))
RE)

<81;(k + 1))T o Vile(k + 1))
(z(k)) Oz(k+1)
oz(k+1) )
i < o (k) )
According to (44) and (45), we have

0 (w(k)" Qu(k) + W (vi(x(k))))
dvi(z(k))

(2 + D) g
dvi(x(k))
Therefore, (47) can further be written as

9 (x(k)" Qu (k) + W (vi(x(k))))
oz (k)

" (0xa(f<z>l))T

9 (=( k‘)

IVi(x(k+1
ox(k+1)

(47)

IV (z(k+1))
Ox(k+1)

=0. (48)

N (a(k)) =

OV (z(k + 1))
oz(k+1)

(49)
ie.,

T
Aigr (2(k)) = 2Qu(k) + (%) i(z(k + 1)). (50)
Therefore, the iteration between (46) and (50) is an imple-
mentation of the iteration between (8) and (10). From (46), the
control law v; can directly be obtained by the costate function.
Hence, the iteration of value function in (10) can be omitted in
the implementation of this iterative algorithm. Considering the
principle of DHP algorithm in [32], such iterative algorithm is
called iterative DHP algorithm.
Next, we present a convergence analysis of the iteration be-
tween (46) and (50).
Theorem 4: Define the value function sequence {V;} by (10)
with V4 (-) = 0. Define the control law sequence {v;} as in (46)
and update the costate function sequence {;} as in (50) with
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Ao(+) = 0. Furthermore, define the optimal value A* as the limit
of the costate function A; when value function V; approaches
the optimal value V'*. Then, the costate function sequence {\;}
and the control law sequence {v;} are convergent as ¢ — cc.
Proof: According to Theorems 1-3, we have proved
that lim,_ V;(z(k)) V*(xz(k)) and V*(x(k)) satis-
fies the corresponding HJIB equation, i.e., V*(z(k))
inf, k) {z (k)T Qz(k) + W (u(k)) + V*(z(k +1))}. Therefore,
we conclude that the value function sequence {V;} converges
to the optimal value function of the discrete-time HIB equation,
ie,V; — V*asi — oo. With \;(z(k)) = 0V (z(k))/0z(k),
we conclude that the corresponding costate function sequence
{\;} is also convergent with \; — A\* as ¢ — oo. Since the
costate function is convergent, we can conclude that the corre-
sponding control law sequence {v;} converges to the optimal
control law v* as i — oo. [ |

Remark 1: In the iterative DHP algorithm, via the costate
sequence (50), the corresponding control law sequence can di-
rectly be obtained by (46), which does not require the compu-
tation of 9V; (z(k + 1)) /Ox(k + 1). Furthermore, in (10), there
is an integral term 2 [, ") =T (T7—15)U Rds to compute at
each iterative step, which is not an easy task. However, in (50),
the integral term has been removed, which greatly reduces the
computational burden. On the other hand, in order to compute
the costate function by (50), the internal dynamics f(z(k)) and
g(z(k)) of the system are needed. In the implementation part of
the algorithm, a model network is constructed to approximate
the nonlinear dynamics of the system, which avoids the require-
ment of knowing f(z(k)) and g(x(k)).

2) RBF Neural Network Implementation of the Iterative DHP
Algorithm: In the iterative DHP algorithm, the optimal control
is difficult to solve analytically. For example, in (46), the control
at step k is a function of costate at step £ + 1. Closed-form
explicit solution is difficult to solve if not impossible. Therefore,
we need to use parametric structures, such as neural networks, to
approximate the costate function and the corresponding control
law in the iterative DHP algorithm. In this paper, we choose
radial basis function (RBF) neural networks to approximate the
nonlinear functions.

An RBF neural network (RBFNN) [31] consists of three
layers (input, hidden, and output). Each input value is assigned
to a node in the input layer and passed directly to the hidden
layer without weights. Nodes at the hidden layer are called RBF
units, determined by a vector called center and a scalar called
width. The Gaussian density function is used as an activation
function for the hidden neurons. Then, linear output weights
connect the hidden and output layers. The overall input—output
equation of the RBFNN is given by

h
yi = bi+ Y wid;(X) (51)
j=1
where X is the input vector, ¢;(X) = exp(—||X — C}[|?/0;?)
is the activation function of the jth RBF unit in the hidden layer,
C; € ™ is the center of the jth RBF unit, & is the number of
RBF units, b; and w;; are the bias term and the weight between
hidden and output layers, and y; is the ith output in the m-di-
mensional space. Once the optimal RBF centers are established
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Fig. 1. The structure diagram of the iterative DHP algorithm.

over a wide range of operating points of the plant, the width of
the sth center in the hidden layer is calculated by the following:

h n
7=\ 3 30D lews = el

j=1k=1

(52)

where c; and c;; are the kth value of the center of the sth and
jth RBF units, respectively. In (51) and (52), || - || represents
the Euclidean norm. To avoid the extensive computational com-
plexity during training, the batch mode k-means clustering al-
gorithm is used to calculate the centers of the RBF units.

In order to implement the iterative adaptive dynamic pro-
gramming algorithm, i.e., implement the iteration between (46)
and (50), we employ RBF neural networks to approximate the
costate function A;(z) and the corresponding control law v;(z)
at each iteration step 7. In the implementation of the iterative
DHP algorithm, there are three networks, which are model net-
work, critic network and action network, respectively. All neural
networks are chosen as RBF networks. The inputs of the model
network are x(k) and v;(«(k)) and the inputs of the critic net-
work and action network are z(k + 1) and z(k), respectively.
The diagram of the whole structure is shown in Fig. 1.

For unknown plants, before carrying out the iterative DHP
algorithm, we first train a model network. For any given x(k)
and ©,(x(k)), we can obtain &(k 4+ 1), and the output of the
model network is denoted as

(k +1) = wy, ¢ (I (k) (53)
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where 1,,,(k) = [z(k)T;(x(k))T]T is the input vector of the
model network.
We define the error function of the model network as

em(k) =2(k+1) —x(k +1). (54)

The weights in the model network are updated to minimize the
following performance measure:

LT (R)em (K). (55)

The weight updating rule for model network is chosen as a gra-
dient-based adaptation rule

(56)

Wi (b + 1) = win (k) — ctm [8Em(k)}

W (k)
where «, is the learning rate of the model network.

After the model network is trained, its weights are kept un-
changed.

The critic network is used to approximate the costate function
Ai+1(z). The output of the critic network is denoted as

5\1‘,4—1 (z(k)) = pr,(,;+1>¢(év(k))~

The target costate function is given as in (50). Define the error
function for the critic network as

Coipy(F) = A (w(k)) = Aiga (a(k)).

The objective function to be minimized for the critic network is

1
Eeivny (k) = §6§i+1)(k)ec<i+1>(k)'

(57)

(58)

(59)

The weight updating rule for the critic network is a gradient-
based adaptation given by

OE.(i11)(k)

Owe(it1)(d) } (50)

We(it1)(J + 1) = we(ig1)(J) — e [
where a. > 0 is the learning rate of the critic network, and 5 is
the inner-loop iterative step for updating the weight parameters.

In the action network, the state (k) is used as input to create
the control action as the output of the network. The output can
be formulated as

0i(2(k)) = wa;p(x(k))-
The target value of the control v;(«(k)) is obtained by (46). So
we can define the error function of the action network as

ailk) = bi(a(k)) — vi(a(k)).

The weights of the action network are updated to minimize the
following performance error measure:

(61)
(62)

LT (ke (k).

Bui(k) = el (63)
The updating algorithm is similar to the one for the critic net-

work. By the gradient-descent rule, we can obtain

25t

8wai (J ) (64)

wai(j + 1) = wat(]) - /ja |:

1497

Fig. 2. The convergence process of the costate function at
,and

where 3, > 0 is the learning rate of the action network, and j is
the inner-loop iterative step for updating the weight parameters.

From the neural network implementation, we can find that in
this iterative DHP algorithm, oV;(z(k 4+ 1))/0z(k + 1) is re-
placed by A;(z(k + 1)), which is just the output of the critic
network. Therefore, it is more accurate than computing by back-
propagation through the critic network as in [3].

Remark 2: It should be noted that even though we use RBF
networks for function approximation in our work, any function
approximation schemes available in the literature will suffice.
Although the RBF network seems to perform better than other
networks in our simulation examples, it still has the scaling
problem. The number of RBF units needed to cover the state
space will grow exponentially with the dimensionality of the
plant. Therefore, the difficulty of implementing the iterative al-
gorithm will be more apparent when the dimensionality of the
plant is high. However, this method is specially suitable for the
domains where the state space is continuous and the controlled
plants are Lipschitz continuous affine nonlinear systems, such as
power systems (see the synchronous generators in [31]), chem-
ical systems (see the continuously stirred tank reactor in [8]),
and robot systems (see the two-link planar RR robot arm in
[12]). Meanwhile, as far as we know, this is the first time that the
optimal control problem under control constraint is addressed
for discrete-time nonlinear systems in the framework of adap-
tive dynamic programming. The present near-optimal control
law from the iterative algorithm developed in this paper is a con-
strained closed-loop feedback control law, which is preferred by
most designers in practice.

3) Design Procedure of the Approximate Optimal Controller:
Based on the iterative DHP algorithm, the design procedure of
the optimal control scheme is summarized as follows.

1) ChOOSE imax, 1% axs JSaxs Ems €0y Uy im0ty B and the

weight matrices @@ and R.

2) Construct the model network z(k + 1) = wx (1, (k))
with the initial weight parameters w,,,o chosen randomly
in [—0.1,0.1] and train the model network with a random
input vector uniformly distributed in the interval [—1, 1]
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The costate function

Fig. 3. The costate function

The costate function

Fig. 4. The costate function -
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4)

5)

3t 100th iteration

1st iteration

_4 1
-0.5 0
for

0.5
, where

2.5

100th iteration
15

1st iteration

_2 1
-0.5 0

for

0.5

, where

and arbitrary initial state vector in [—1, 1] until the given
accuracy e, is reached.

Set the iterative step ¢ = 0. Set the initial weight param-
eters of critic network w.q as zero so that the initial value
of the costate function Ag(-) = 0, and initialize the action
network with the weight parameters w,o chosen randomly
in [-0.1,0.1].

Choose randomly an array of p state vector
{eW(k), 2P (k),..., 2P (k)}  from the opera-
tion region and compute the corresponding output
target  {v;(z(V(k)), vi(zP(k)), ..., v;i(z® (k)} by
(46), where the state vector at the next time instant
{(zDEk+1), 2Pk +1),..., 2P (k 4+ 1)} is computed
by the model network (53). With the same state vector
{eMW(E), 2P (k),..., 2@ (k)}and {zM (k+1), 2® (k+
1),...,2® (k4 1)}, compute the resultant output target

i (ED8)), Aiga (#@ (), ... Aipa (e @ (k)} by
(50).

Set  we(iy1) = we;.  With  the data  set
(x(])(k)/)‘t-l-l(x(])(k)))? ] = 1727"'717’ update

the weight parameters of the critic network w,(; 1y by
(60) for 5.« Steps to get the approximate costate function
Aig1-
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6) With the data set (z(7) (k), v;(z9) (k))), j =
date the weight parameters of the action network w,; by
(64) for 52 ... steps to get the approximate control law v;.

7 f

i1 (@D (k) = Xi(2D (k) |? < eo,

go to step 9); otherwise, go to step 8).
8) If i > imax, g0 to step 9); otherwise, set7 = ¢ + 1 and go
to step 4).
9) Set the final approximate optimal control law o*(z) =
10) Stop.

As stated in Theorem 4, the iteration algorithm will be con-
vergent with \;(z) — A*(z) and the control sequence v;(z) —
v*(x) as ¢ — oo. However, in practical applications, we cannot
implement the iteration until 7+ — oo. Actually, we iterate the
algorithm for a max number i,,,, Or with a prespecified accu-
racy eo to test the convergence of the algorithm. In the above
procedure, there are two levels of loops. The outer loop starts
from step 3) and ends at step 8). There are two inner loops in
steps 5) and 6), respectively. The inner loop of step 5) includes
JS . iterative steps, and the inner loop of step 6) includes 52 ..
iterative steps. The array of p state vector is chosen randomly at
step 4). Suppose that the associated random probability density
function is nonvanished everywhere. Then, we can assume that
all the states will be explored. So we know that the resulting net-
works tend to satisfy (46) and (50) for all state vectors (k). The
limits of \; and ©; will approximate the optimal costate vector
A* and control vector v*, respectively. The parameters ¢, and
imax are chosen by the designer. The smaller the value of ¢
is set, the more accurate the costate function and the optimal
control law will be. If the condition set in step 7) is satisfied, it
implies that the costate function sequence is convergent with the
prespecified accuracy. The larger the value of i.,,, in step 8) is
set, the more accurate the obtained control law o(z) will be at
the price of increased computational burden.

IV. SIMULATION STUDIES

In this section, two examples are provided to demonstrate the
effectiveness of the control scheme developed in this paper.

Example 1 (Nonlinear Discrete-Time System): Consider the
following nonlinear system [12]:

z(k+1) = f(z(k)) + g(z(k))u(k) (65)
where
_ —081}2(]6)
Fw(k)) = [sin(O.le(k) — wa(k)) + 1.822(k)

o) = | %0

and assume that the control constraint is set to |u| < 0.3.
Define the performance functional as

) u(-))

J(x(k
oo u(i) B B

= Z {x(L)TQa:(L) +2 / tanhT(U_ls)URds} (66)
i=k 70
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Fig. 6. The state trajectory .

where U = 0.3, and the weight matrices are chosen as

1 0 .
Q_{O 1] and R =0.5.

First, we perform the simulation of iterative adaptive dynamic
programming algorithm. In this iterative algorithm, we choose
RBF neural networks as the critic network, the action network,
and the model network with the structures of 2-9-2, 2-9-1,
and 3-9-2, respectively. The training sets are selected as —1 <
r1 < land —1 < x5 < 1, which is the operation region of the
system. It should be mentioned that the model network should
be trained first. The initial state vectors are chosen randomly in
[—1, 1]. Under the learning rate of a,,, = 0.1, the model network
is trained until the given accuracy e,,, = 1076 is reached. After
the training of the model network is completed, the weights
are kept unchanged. Then, the critic network and the action
network are trained with the learning rates . = (8, = 0.1
and the inner-loop iteration number j5 .. = j%.. = 2000.
Meanwhile, the prespecified accuracy e, is set to 10720, De-
note the outer-loop iteration number as L. After implementing
the outer-loop iteration for I = i, = 100, the convergence
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Fig. 7. The control input

Fig. 8. The state variables curves without considering the actuator saturation
in the controller design.

curves of the costate function are shown in Figs. 2—4. It can be
seen that the costate function is basically convergent with the
outer-loop iteration L. > 15. In order to compare the different
actions of the control laws obtained under different outer-loop
iteration numbers, for the same initial state vector z1(0) = 0.5
and z2(0) = 0.5, we apply different control laws to the plant for
30 time steps and obtain the simulation results as follows. The
state curves are shown in Figs. 5 and 6, and the corresponding
control inputs are shown in Fig. 7. It can be seen that the system
responses are improved when the outer-loop iteration number L
is increased. When L > 80, the system responses only improve
slightly in performance.

It should be mentioned that in order to show the convergence
characteristics of the iterative process more clearly, we set the
required accuracy ¢ to a very small number 10~2° and we set
the max iteration number to twice of what is needed. In this
way, the given accuracy e, did not take effect even when the
max iteration number is reached. Therefore, it seems that the
max iteration number i, becomes the stopping criterion in
this case. If the designer wants to save the running time, the
prespecified accuracy ¢, can be set to a normal value so that
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Fig. 9. The control input curve without considering the actuator saturation in
the controller design.

Fig. 10. The convergence process of the costate function at
,and .

the iteration process will be stopped once the accuracy «q is
reached.

Moreover, in order to make comparison with the controller
designed without considering the actuator saturation, we
also present the system responses obtained by the controller
designed regardless of the actuator saturation. The actuator
saturation actually exists, and therefore, in the simulation, if
the control input overruns the saturation bound, it is limited to
the bounded value. After simulation, the state curves is shown
in Fig. 8 and the control curve is shown in Fig. 9.

From the simulation results, we can see that the iterative
costate function sequences do converge to the optimal ones
with very fast speed, which also indicates the validity of the
iterative ADP algorithm for dealing with constrained nonlinear
systems. Comparing Fig. 7 with Fig. 9, we can see that in
Fig. 7, the restriction of actuator saturation has been overcome
successfully, but in Fig. 9, the control input has overrun the
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Fig. 11. The costate function ; for

where

Fig. 12. The costate function - for

where

saturation bound, and therefore, is limited to the bounded value.
From this point, we can conclude that the proposed iterative
ADP algorithm is effective in dealing with the constrained
optimal control problem.

Example 2 (Mass-Spring System): Consider the following
discrete-time nonlinear mass-spring system:

+ z1(k)
i ooooxl(k) 0.0

+0.05u(k) + x2(k )

ixz(k-l— 1)

w3 (k) (67)

where z(k) is the state vector and u(k) is the control input.
Define the performance functional as

u(i) B B
+2/ tanhT(U_ls)URds} (68)
0
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